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Abstract
In this paper we discuss the central configurations of the Trape-
zoidal four-body Problem. We consider four point masses on the
vertices of an isosceles trapezoid with two equal masses m1 = m4
at positions (∓0.5, rB) and m2 = m3 at positions (∓α/2, rA).
We derive, both analytically and numerically, regions of central
configurations in the phase space where it is possible to choose
positive masses. It is also shown that in the compliment of these
regions no central configurations are possible.
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1 Introduction
The classical equation of motion for the n-body problem has the form
([5]- [11])
mi
d2~ri
dt2
=
∂U
∂~ri
=
∑
j 6=i
mimj (~ri − ~rj)
|~ri − ~rj|3 i = 1, 2, ..., n, (1)
where the units are chosen so that the gravitational constant is equal to
one, ri is the location vector of the ith body,
U =
∑
1i<jn
mimj
|~ri − ~rj| (2)
1
is the self-potential, and mi is the mass of the ith body. To understand
the dynamics presented by a total collision of the masses or the equilib-
rium state of a rotating system, we are led to the concept of a central
configuration ([1]- [4],[8] and [9]). A central configuration is a particular
configuration of the n-bodies where the acceleration vector of each body
is proportional to its position vector, and the constant of proportionality
is the same for the n-bodies, therefore
n∑
j=1,j 6=i
mj(~rj − ~rk)
|~rj − ~rk|3 = −λ(~rk − ~rc) k = 1, 2, ..., n, (3)
where
~c =
~C
Mt
, ~C = m1~r1 +m2~r2 + ... +mn~rn, (4)
λ =
U
2I
, I =
1
2
n∑
i=1
mi‖~ri‖2. (5)
Due to the higher dimensions and degrees of freedom n−body problem
has not been completely solved for n > 2. Therefore a number of restric-
tion techniques have been used to find special solutions of the few body
problem. See for example [11], [12] and [13]. The two most common
techniques used to reduce the dimension of the phase space are the con-
sideration of symmetries are taking one of the masses to be infinitesimal.
We consider four point masses on the vertices of an isosceles trapezoid
with two equal masses m1 = m4 at positions (∓0.5, rB) and m2 = m3
at positions (∓α/2, rA). We derive, both analytically and numerically,
regions of central configurations in the phase space where it is possible
to choose positive masses.
The CC equations for a general 5-body problem derived from (3) are
as under.
m2~r12
|~r1 − ~r2|3
+
m3~r13
|~r1 − ~r3|3
+
m4~r14
|~r1 − ~r4|3
= −λ (~r1 − ~c) (6)
m1~r21
|~r − ~r2|3
+
m3~r23
|~r2 − ~r3|3
+
m4~r24
|~r2 − ~r4|3
= −λ (~r2 − ~c) (7)
m1~r31
|~r3 − ~r1|3
+
m2~r32
|~r3 − ~r2|3
+
m4~r34
|~r3 − ~r4|3
= −λ (~r3 − ~c) (8)
m1~r41
|~r4 − ~r1|3
+
m2~r42
|~r4 − ~r2|3
+
m3~r43
|~r4 − ~r3|3
= −λ (~r4 − ~c) (9)
Theorem 1: Consider four bodies of masses m1 = M,m2 = m = m3
and m4 = M . The four bodies are placed at the vertices of a trapezoid
r1 = (−0.5,−rB), r2 = (−α
2
, rA), r3 = (
α
2
, rA) and r4 = (0.5,−rB),
(10)
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Figure 1: Trapezoidal Model
shown in figure 1. Where rA is the distance from the centre of mass of
the system to the centre of mass of m2 and m3 and rB is the distance
from the centre of mass of the system to the centre of mass of m1 and
m4. Then
m =
ab(a + b− 2ab)
(a + b)(a+ b− 2ab+ α(a− b)) (11)
M =
abα(a− b)
(a + b)(a+ b− 2ab+ α(a− b)) (12)
where
a =
((
0.5− α
2
)
2 + β2
)3/2
, b =
((
0.5 +
α
2
)
2 + β2
)3/2
(13)
make the configuration r = (~r1, ~r2, ~r3, ~r4) central.
Theorem 2: Let r = (~r1, ~r2, ~r3, ~r4) be a central configuration as
defined in theorem 1. Then there exist a region R = Rf1
c ∩ Rf3c) in
the αβ-plane such that for any α, β ∈ R there exists positive masses
(m,M,m,M) making r a central configuration. The regions Rf1 and Rf2
are
Rf1 = {(α, β)|α < g1(β) and 0 < β < 1}
Rf3 = {(α, β)|α < g3(β) and 0 < β < 1}
where
g1(β) =
√
−2.β6 − 1.5β4 + 2 (β2 + 0.25)3/2 − 0.375β2 − 0.03125√
1.5β4 + −0.75β
2−0.375√
β2+0.25
− 0.09375
. (14)
g2(β) =
√
−
√
h12 − 4h0h2
2h2
− h1
2h2
Numerically, region R is given by the colored part of figure (3b).
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Before we prove theorem 1, we recall a lemma given by Roy and Steves
[14].
Lemma 1: Let r = rA − rB (ref: figure 1) and then using the ge-
ometry of our proposed problem we arrive at the following relationships
between ri, i = 1, 2, 3, 4, r and r41.
r1 = − m
M +m
r+
1
2
r41,
r2 =
M
m+M
r+
α
2
r41,
r3 =
M
m+M
r−α
2
r41,
r4 = − m
M +m
r−1
2
r41.
2 The proof of theorem 1
Without loss of generality, it is assumed that the centre of mass of the
system ~c = 0, ~r23 = −α~r41, rBA = |~rA − ~rB| = βr41. This gives us
~rB = −m
M
~rA and rA =
Mβ
m+M
(15)
Using these assumptions with equation (1) we obtain the following
equations of motion.
r¨1 =
mr12((
0.5− α
2
)2
+ β2
)3/2 + mr13((
0.5 + α
2
)2
+ β2
)3/2 +Mr14, (16)
r¨2 =
Mr21((
0.5− α
2
)2
+ β2
)3/2 + mr23α3 + Mr24((
0.5 + α
2
)2
+ β2
)3/2 , (17)
r¨3 =
Mr31((
0.5 + α
2
)2
+ β2
)3/2 + mr32α3 + Mr34((
0.5− α
2
)2
+ β2
)3/2 , (18)
r¨4 =
mr42((
0.5 + α
2
)2
+ β2
)3/2 +Mr41 + mr43((
0.5− α
2
)2
+ β2
)3/2 . (19)
It is clear from lemma 1 that it is enough to study the equations for
r =m+M
2M
(r2 + r3) and r41 as ri, i = 1, 2, 3, 4, are linear combination of r
and r41.
r¨41 = [−2M + m
a
(α− 1)− m
b
(α + 1)]r41. (20)
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Figure 2: a ) Rf1 (white) where f1 > 0. b) Rf3 (white) where
f3 > 0
r¨3p2 = −[m+M
a
+
m+M
b
] (r2 + r3) . (21)
Using equation (3) in conjunction with equations (20) and (21) we obtain
the following equations of central configurations for the trapezoidal four-
body problem.
2M − m(α− 1)
a
+
m(α + 1)
b
= λ, (22)
m+M
a
+
m+M
b
= λ. (23)
It is a straightforward exercise to solve (22) and (23) to obtain (11) and
(12). This completes the proof of theorem 1.
3 Proof of theorem 2
Let
f1 = a + b− 2ab, f2 = a− b, f3 = a+ b− 2ab+ α(a− b)
To find the region where the mass function m is positive we need to find
regions where
1. f1 > 0,f3 > 0,
2. f1 < 0,f3 < 0.
Similarly, for the mass function M to be positive
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Figure 3: a) Region (colored), Rm = (Rf1 ∩ Rf3) ∪ (Rf1c ∩ Rf3c) b)
The central configuration region (R) where both m and M are positive
( R = Rf1
c ∩ Rf3c)).
1. f2 > 0,f3 > 0
2. f2 < 0,f3 < 0
To do a sign analysis of f1, we will need to solve f1 = 0. Its nearly
impossible to solve f1 > 0 . Therefore we write its polynomial approxi-
mation.
f1aprox = α
2
(
−1.5β4 + 0.75β
2√
β2 + 0.25
+
0.375√
β2 + 0.25
+ 0.09375
)
− 2β6 − 1.5β4
+ 2
√
β2 + 0.25β2 − 0.375β2 + 0.5
√
β2 + 0.25− 0.03125. (24)
Now it is a straightforward exercise to show that f1 > 0 in Rf1 .
Rf1 = {(α, β)|α < g1(β) and 0 < β < 1}
where
g1(β) =
√
−2.β6 − 1.5β4 + 2 (β2 + 0.25)3/2 − 0.375β2 − 0.03125√
1.5β4 + −0.75β
2−0.375√
β2+0.25
− 0.09375
. (25)
Numerically, Rf1 is given in figure (2a). The common denominator of m,
and M can be analyzed in a similar way.
f3aprox = h2α
4 + h1α
2 + h0 (26)
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where
h0 = −2β6 − 1.5β4 + 2
(
β2 + 0.25
)3/2 − 0.38β2 − 0.03
h1 = −1.5β4 − 0.75β
2√
β2 + 0.25
+ 0.1
h2 = (−0.375β6 − 0.09β4 +
(
−0.19
√
β2 + 0.25− 0.023
)
β2 − 0.031
√
β2 + 0.25
+
0.047β4√
β2 + 0.25
− 0.006) 1
(1.β2 + 0.25)2
(27)
Using approximate techniques with help from symbolic computation in
Mathematica it can be shown that f3 attains positive values in the fol-
lowing region.
Rf3 = {(α, β)|α < g3(β) and 0 < β < 1}
where
g2(β) =
√
−
√
h12 − 4h0h2
2h2
− h1
2h2
Numerically, Rf3 is given in figure (2b).
Therefore the central configuration region where m > 0 is given by
Rm = (Rf1 ∩Rf3) ∪ (Rf1c ∩Rf3c)
Numerically, Rm is given in figure (3). As f2 < 0 for all values of α and
β therefore M > 0 in the region where f3 < 0. This region is numerically
represented by the colored part of figure (2b) and analytically by the
compliment of Rf3 . Hence the central configuration region (R) where
both m and M are positive is given by R = (Rf1
c ∩ Rf3c). Numerically
this region is given in figure (3b).
4 Conclusions
In this paper we model non-collinear trapezoidal four-body problem where
the masses are placed at the vertices of an isosceles trapezoid. Expres-
sions form andM are formed as functions of α, and β which gives central
configurations in the trapezoidal four-body problems. We show that in
the αβ-plane, m is positive when (α, β) ∈ Rm. Similarly M is positive
when (α, β) ∈ Rcf3 . We have identified regions in the αβ-plane where
no central configurations are possible. A central configuration region
R = (Rf1
c ∩ Rf3c) for the isosceles trapezoidal 4-body problem is iden-
tified in the αβ− plane where m and M are both positive. No central
7
configurations are possible outside this region unless we allow one of the
masses to become negative.
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